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After some mathematical manipulations, we were able to reach to the following PDE that
determies the axial electric �eld Ez.

∇2
⊥Ez + T 2Ez = 0

where,

T 2 =

{
T 2
n = (γ2 − k2)

[
β2
p

(βe−γ)2
− 1
]

inside the beam r < b

−τ 2n = − (γ2 − k2) outside the beam b < r < a
(1)

Ez =

{
BJ0 (Tnr) , inside the beam r < b

CI0 (τnr) +DK0 (τnr) outside the beam b < r < a

To satisfy the boundary conditions at r = a, =⇒ Ez (r = a) = 0,

Ez =

{
BJ0 (Tnr) , inside the beam r < b

C ′ [I0 (τnr)K0 (τna)−K0 (τnr) I0 (τna)] outside the beam b < r < a

The other components of the �elds can be obtained using Maxwell's equations,

∇× E = −jωµ0Hφâφ =⇒ −jγEr −
∂Ez
∂r

= −jωµ0Hφ

∇×H = jωε0E+ Jzâz, =⇒ jγHφ = jωε0Er

From these two equations,

Hφ =
−jωε0
k2 − γ2

∂Ez
∂r

Hφ =
−jωε0
k2 − γ2

{
BTnJ

′
0 (Tnr) inside the beam r < b

Cτn [I
′
0 (τnr)K0 (τna)−K ′0 (τnr) I0 (τna)] outside the beam b < r < a

Apply the continuity of Ez and Hφ at r = b,

BJ0 (Tnb) =C
′ [I0 (τnb)K0 (τna)−K0 (τnb) I0 (τna)]

BTnJ
′
0 (Tnb) =C

′τn [I
′
0 (τnb)K0 (τna)−K ′0 (τnb) I0 (τna)]

Dividing these two equations,

Tn
J ′0 (Tnb)

J0 (Tnb)
= τn

I ′0 (τnb)K0 (τna)−K ′0 (τnb) I0 (τna)
I0 (τnb)K0 (τna)−K0 (τnb) I0 (τna)
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Using these identities,

J ′0 (x) = −J1 (x) , I ′0 (x) = I1 (x) , K ′0 (x) = −K1 (x)

Tn
J1 (Tnb)

J0 (Tnb)
= τn

I1 (τnb)K0 (τna) +K1 (τnb) I0 (τna)

K0 (τnb) I0 (τna)− I0 (τnb)K0 (τna)
(2)

Assumptions

We will assume the phase velocities almost equal to the velocity of the beam making γ ≈ βe, and
hence γ � k. We can then use βe instead of γ in Eq. (1) (except in the denominator term), with
the result,

τn ≈ βe (3)

Tn ≈ βe

[
β2
p

(βe − γ)2
− 1

]
, =⇒ γ = βe ± βq = βe ±

βp√
1 +

T 2
n

β2
e

The plasma reduction factor R is de�ned as,

R =
βq
βp

=
1√

1 +
T 2
n

β2
e

,

where Tn is obtained by solving equation (2), after using the approximation Eq. (3),

Tn
J1 (Tnb)

J0 (Tnb)
= βe

I1 (βeb)K0 (βea) +K1 (βeb) I0 (βea)

K0 (βeb) I0 (βea)− I0 (βeb)K0 (βea)
(4)
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The dispersion relation can be written in normalized form as,

(Tnb)
J1 (Tnb)

J0 (Tnb)
= (βeb)

I1 (βeb)K0

(
βeb

a

b

)
+K1 (βeb) I0

(
βeb

a

b

)
K0 (βeb) I0

(
βeb

a

b

)
− I0 (βeb)K0

(
βeb

a

b

) (5)

This dispersion equation is solved for the di�erent modes Tnb for the two input independent

variables βeb and
a

b
, and the plasma reduction factor is given as,

R =
βq
βp

=
1√

1 +

(
Tnb

βeb

)2
,
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