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Gridded (Planar) Gaps

The equation of motion for electrons

in the gap is,
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Gridded (Planar) Gaps

The equation of motion for electrons

in the gap is,

u = u0

[
1+

αMp

2
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,

= u0
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2
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where,

the depth of modulation

α = V 1/V 0

the gap coupling coe�cient

Mp =
sin(ωT/2)

ωT/2
.

the transit time and phase are

T =
`

u0
and ϕ0 = ωT =

ω`

u0
,

respectively.

entrance and exit times to the

cavity are t0 and t1, respectively

(t1 = t0+T ).
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Gap Coupling Coecient Mp

Mp =
sin(ϕ0/2)

ϕ0/2
, ϕ0 = ωT =

ω`

u0
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Gridless (Nonplanar) Gap

Assuming small signal variation for the electron velocity such that we can

write,

u= u0+ℑ
{
up(z)e

jωt
}
, where up (z) is the phasor of AC part of velocity.

du

dt
= ℑ

{[
jωup (z)+u0

∂up (z)

∂z

]
e jωt

}
Similarly the z-component of the electric �eld,

E = ℑ
{
Ep (z)e

jωt
}
.

The equation of motion

du

dt
= ℑ

{[
jωup (z)+u0

∂up (z)

∂z

]
e jωt

}
=−ηℑ

{
Ep (z)e

jωt
}

∂up (z)

∂z
+ jβeup (z) =− η

u0
Ep (z)

up (z) =− η

u0
e−jβez

∫ z

z0

Ep (ζ )e
jβeζdζ
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Gridless (Nonplanar) Gap

up (z) =− η

u0
e−jβez

∫ z

z0

Ep (ζ )e
jβeζdζ

As z0 goes to −∞ and z goes to ∞ (very large away of the gridless gap

discontinuity),

up (z) =− η

u0
e−jβez

∫
∞

−∞

Ep (r ,ζ )e
jβeζdζ

up (z) =− η

u0
e−jβez Ẽp (r ,βe) , where Ẽp (r ,k)=

∫
∞

−∞

Ep (r ,ζ )e
jkζdζ



Electric Field in the Gridless Gap

Ẽp (r ,k) =
∫

∞

−∞

Ep (r ,z)e
jkzdz , Ep (r ,z) =

1

2π

∫
∞

−∞

Ẽp (r ,k)e
−jkzdk

The field Ep(r ,z) satisfy the equation,

∂ 2Ep

∂ r2
+

1

r

∂Ep

∂ r
+

∂ 2Ep

∂z2
+k20Ep = 0

∂ 2Ẽp

∂ r2
+

1

r

∂ Ẽp

∂ r
−K 2Ẽp = 0, where K 2 = k2−k20

Ẽp (r ,k) = Ẽp (0,k) I0 (Kr)
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Coupling Coe�cient

The coupling coe�cient at radius r ,

M (r) =

∫
∞

−∞
Ep (r ,z)e

jβezdz∫
∞

−∞
Ep (a,z)dz

=
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∞

−∞
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∵ Ẽp (r ,k) = Ẽp (0,k) I0 (Kr) ∴ Ẽp (r ,βe) = Ẽp (a,βe)
I0 (Ker)

I0 (Kea)
,
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=
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∞

−∞
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M(r) =M(a)
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, where K 2

e = β
2
e −k20 ≈ β

2
e

At r = 0,

M (0) =
M (a)

I0 (βea)



Coupling Coe�cient

M(r) =M(a)
I0 (Ker)

I0 (Kea)



Gridless (Nonplanar) Gap

up (z) =− η

u0
e−jβez Ẽp (0,βe) ,

where Ẽp (0,k) =
∫

∞

−∞
Ep (0,ζ )e

jkζdζ

The gap voltage V1 is given by,
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∞
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