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Balanced Maxwell's Equations

Equations due to Electric Current,

∇×EA = −jωµHA

∇×HA = jωεEA+J

∇ ·EA = ρe/ε

∇ ·HA = 0

Equations due to Magnetic Current,

∇×EF = −jωµHF −M
∇×HF = jωεEF

∇ ·EF = 0

∇ ·HF = ρm/µ

Balanced Maxwell's Equations due to Electric and Magnetic Current,

∇×E = −jωµH−M
∇×H = jωεE+J

∇ ·E = ρe/ε

∇ ·H = ρm/µ

E= EA+EF , H=HA+HF

Continuity Equations, ∇ ·J=−jωρe , ∇ ·M=−jωρm



The Vector Potential for an Electric Current Source

∇×EA = −jωµHA

∇×HA = jωεEA+J

∇ ·EA = ρe/ε

∇ ·HA = 0

HA =
1

µ
∇×A, EA =−∇φe − jωA

If , φe =−
1

jωµε
∇ ·A, then ∇

2
A+k2A=−µJ

EA =−∇φe − jωA=−jωA− j
1

ωµε
∇(∇ ·A)
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The Vector Potential for a Magnetic Current Source

∇×EF = −jωµHF −M
∇×HF = jωεEF

∇ ·EF = 0

∇ ·HF = ρm/ε

EF =−1
ε

∇×F, HF =−∇φm− jωF

If , φm =− 1

jωµε
∇ ·F, then ∇

2
F+k2F=−εM

HF =−∇φm− jωF=−jωF− j
1

ωµε
∇(∇ ·F)
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Balanced Maxwell's Equations due to Electric and Magnetic

Current

∇×E = −jωµH−M
∇×H = jωεE+J

∇ ·E = ρe/ε

∇ ·H = ρm/µ

E= EA+EF , H=HA+HF

E=−jωA− j
1

ωµε
∇(∇ ·A)−1

ε
∇×F

H=−jωF− j
1

ωµε
∇(∇ ·F)+ 1

µ
∇×A

∇
2
A+k2A=−µJ

∇
2
F+k2F=−εM

A=
µ

4π

˚
V
J
e−jkR

R
dv ′

F=
ε

4π

˚
V
M

e−jkR

R
dv ′



Balanced Maxwell's Equations
Radiation Fields

E= EA+EF , H=HA+HF

EA(θ ,φ)=−jωA(θ ,φ), HF (θ ,φ) =−jωF(θ ,φ)

HA=
1

η
âr×EA(θ ,φ), EF = ηHF (θ ,φ)× âr

E=−jωA(θ ,φ)−jωηF(θ ,φ)× âr

H=−jωF(θ ,φ)− jω
1

η
âr ×A(θ ,φ)

A=
µ

4π

e−jkr

r

˚
V
J
(
r
′)e jk·r′dv ′, F=

ε

4π

e−jkr

r

˚
V
M
(
r
′)e jk·r′dv ′

k= k âr
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Field Equivalence Principle: Huygen's Principle

Js = n̂× (H1−H) , Ms =−n̂× (E1−E)
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Field Equivalence Principle: Huygen's Principle

Love's Equivalent

Electric Conductor Equivalent Magnetic Conductor Equivalent
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Image Theory

Image for Electric Conductor

Image for Magnetic Conductor
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Equivalent Sources for Waveguide Aperture in an In�nite

Ground Plane
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Radiation from a Rectangular Aperture with Uniform

Distribution in an In�nite Conductor

E= âyE0, −a/2≤ x ′ ≤ a/2, −b/2≤ y ′ ≤ b/2

Equivalent Currents:

Ms =

{
−2n̂×E, −a/2≤ x ′ ≤ a/2, −b/2≤ y ′ ≤ b/2

0 elsewhere
, Js = 0
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Radiation from a Rectangular Aperture with Uniform

Distribution in an In�nite Conductor

Eθ = j
abkE0e

−jkr

2πr

[
sinφ

(
sinX

X

)(
sinY

Y

)]
Eφ = j

abkE0e
−jkr

2πr

[
cosθ cosφ

(
sinX

X

)(
sinY

Y

)]
where X = ka sinθ cosφ/2, Y = kb sinθ sinφ/2



Radiation from a Rectangular Aperture with Uniform

Distribution in an In�nite Conductor

Prad =

¨
S0

Wav ·ds= ab
|E0|2

2η

D =
4πU

Prad
, D0 =

4π

λ 2
Ap, where Ap = ab

Tamer Abuelfadl (EEC, Cairo University) Topic 5 ELC405A, ELCN405 18 / 26



Radiation from a Rectangular Aperture with Uniform

Distribution in an In�nite Conductor

Tamer Abuelfadl (EEC, Cairo University) Topic 5 ELC405A, ELCN405 19 / 26



Circular Aperture in Ground Plane Illuminated with Uniform

Field

Ea = E0ây

Ms =−2n̂×Ea = 2E0âx
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Circular Aperture in Ground Plane with Uniform Illumination

Ms =−2n̂×Ea = 2E0âx

cosψ = sinθ cos
(
φ −φ

′) Mr

Mθ

Mφ

=

 sinθ cosφ sinθ sinφ cosθ

cosθ cosφ cosθ sinφ −sinθ

−sinφ cosφ 0

 Mx

My

Mz


Hθ =

−jωE0εe−jkr

2πr
cosθ cosφ

¨
e jkρ ′ sinθ cos(φ−φ ′)

ρ
′dφ

′dρ
′

Hφ =
jωE0εe−jkr

2πr
sinφ

¨
e jkρ ′ sinθ cos(φ−φ ′)

ρ
′dφ

′dρ
′

Eθ = ηHφ =
jkE0e

−jkr

2πr
sinφ

¨
e jkρ ′ sinθ cos(φ−φ ′)

ρ
′dφ

′dρ
′

Eφ =−ηHθ =
jkE0e

−jkr

2πr
cosθ cosφ

¨
e jkρ ′ sinθ cos(φ−φ ′)

ρ
′dφ

′dρ
′



Circular Aperture in Ground Plane with Uniform Illumination

Employing the two integral Identities:ˆ
2π

e jx cosφ ′dφ
′ = 2πJ0 (x)

ˆ
xJ0 (αx)dx =

1

α
xJ1 (αx)+C

Eθ =
jka2E0e

−jkr

r
sinφ

J1 (ka sinθ)

ka sinθ

Eφ =
jka2E0e

−jkr

r
cosθ cosφ

J1 (ka sinθ)

ka sinθ

Prad =
|E0|2

2η
πa2, U =

|E0|2

2η
k2a4

(
sin2 φ + cos2 θ cos2 φ

)[J1 (ka sinθ)

ka sinθ

]2
D =

4πU

Prad
= 4k2a2

(
sin2 φ + cos2 θ cos2 φ

)[J1 (ka sinθ)

ka sinθ

]2
Dmax|θ=0 =

4π

λ 2

(
πa2
)
, use lim

x→0

J1 (x)

x
=

1

2



Circular Aperture in Ground Plane with Uniform Illumination
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Aperture E�ective Area

For Uniformly Illuminated Aperture,

Dmax =
4π

λ 2
Ap, where Ap is the aperture physical area.

In general for no uniform illumination, maximum radiation is still at θ = 0,

|Erad |max =
k

2πr

∣∣∣∣∣
¨

Ap

Eads
′

∣∣∣∣∣
Umax =

1

2η

(
k

2π

∣∣∣∣∣
¨

Ap

Eads
′

∣∣∣∣∣
)2

, Prad =
1

2η

¨
Ap

|Ea|2 ds ′

Dmax =
4πUmax

Prad
=

4π

λ 2
Aem, where Aem is the maximum e�ective area.

Aem =

∣∣∣˜Ap
Eads

′
∣∣∣2˜

Ap
|Ea|2 ds ′

≤ Ap



Aperture E�ciency

De�nition

Aperture E�ciency εap is de�nes as,

εap =
Aem

Ap
,

where Aem is the maximum effective area and Ap is aperture physical area.

εap =

∣∣∣˜Ap
Eads

′
∣∣∣2

Ap

˜
Ap
|Ea|2 ds ′
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