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Maxwell's Equations

Instantaneous Fields

∇×EEE (r, t) =−∂BBB (r, t)

∂ t

∇×HHH (r, t) =
∂DDD (r, t)

∂ t
+JJJ (r, t)

∇ ·DDD = ρt (r, t)

∇ ·BBB = 0

Constitutive relations for free

space,

DDD = ε0EEE

BBB = µ0HHH

Phasor Fields

∇×E =−jωB

∇×H = jωD+J

∇ ·B = 0

∇ ·D = ρ

Constitutive relations

D = εE

B = µH
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Vector and Scalar Potentials

∇ ·B = 0, =⇒ B = ∇×A
∇×E =−jωB =⇒ ∇× (E+ jωA) = 0

E+ jωA =−∇Φe =⇒ E =−∇Φe − jωA

Substituting in Maxwell's equation

∇×H = jωεE+J

∇×∇×A =−jωµε (∇Φe + jωA) + µJ

∇(∇ ·A)−∇
2
A =−jωµε∇Φe +k2A+ µJ

∇
2
A+k2A = ∇(jωµεΦe + ∇ ·A)−µJ

One gauge choice is called Lorentz gauge where,

jωµεΦe + ∇ ·A= 0

E=−jω
[
A+

1

k2
∇(∇ ·A)

]
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Integral Solution of the Fields

Lorentz gauge

jωµεΦe + ∇ ·A = 0

The di�erential equation for A,

∇
2
A+k2A =−µJ

Similarly Φe satis�es,

∇
2Φe +k2Φe =−ρ/ε

Integral Solution for A, and Φe ,

A(r ,θ ,φ) =
µ

4π

˚
V
J
e−jkR

R
dv ′

Φe (r ,θ ,φ) =
1

4πε0

˚
V

ρ
e−jkR

R
dv ′
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Far Field Apprximation

A(r ,θ ,φ) =
µ

4π

˚
V
J
e−jkR

R
dv ′

Far �eld approximations r � r ′:

R =
√

(r− r′) · (r− r′) =
√
r2 + r ′2−2r′ · r

R w r − r′ · âr , kR w kr −k · r′, 1

R
w

1

r
,

where k = k âr .

A(r ,θ ,φ) w
µ

4π

e−jkr

r

˚
V
Je jk·r

′
dv ′

Far Field Apprximation for Magnetic vector Potential

A(r ,θ ,φ) w
e−jkr

r
A
0 (θ ,φ) , where A0 (θ ,φ) =

µ

4π

˚
V
Je jk·r

′
dv ′
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Integral Solution of the Fields
Far Field approximation

Radiation Magnetic Vector Potential A

A(r ,θ ,φ) =
e−jkr

r
A
0 (θ ,φ) , where A0 (θ ,φ) =

µ0

4π

˚
V
Je jk·r

′
dv ′

∇×A = ∇

(
e−jkr

r

)
×A0 (θ ,φ) +

e−jkr

r
∇×A0 (θ ,φ)

∇×A0 =
âr

r sinθ

[
∂

∂θ

(
A0

φ sinθ
)
−

∂A0
θ

∂φ

]
+
âθ

r

[
1

sinθ

∂A0
r

∂φ
− ∂

∂ r

(
rA0

φ

)]
+
âφ

r

[
∂

∂ r

(
rA0

θ

)
− ∂A0

r

∂θ

]
= O

(
1

r

)

∇×A = ∇

(
e−jkr

r

)
×A0 (θ ,φ) +

���
���

���
�:

O
(
1
r2

)
e−jkr

r
∇×A0 (θ ,φ)
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Far Field Approximation of the Fields

∇×A = ∇

(
e−jkr

r

)
×A0 (θ ,φ) +

���
���

���
�:

O
(
1
r2

)
e−jkr

r
∇×A0 (θ ,φ)

∇×A =−jk e
−jkr

r
âr ×A0 (θ ,φ)−

���
���

���
�:

O
(
1
r2

)
e−jkr

r2
âr ×A0 (θ ,φ)

+
���

���
���

�:
O
(
1
r2

)
e−jkr

r
∇×A0 (θ ,φ)

Far Field Approximation of ∇×A

∇×A =−jk âr ×A, where A(r ,θ ,φ) =
e−jkr

r
A
0 (θ ,φ)



Far Field Approximation of the Fields

Far Field Approximation of ∇×A

∇×A =−jk âr ×A, where A(r ,θ ,φ) =
e−jkr

r
A
0 (θ ,φ)

The magnetic �eld H is approximated in the far �eld as,

H =
1

µ
∇×Aw

−jk
µ

âr ×A =−jω
√

ε

µ

e−jkr

r
âr ×A0 (θ ,φ)

H =
e−jkr

r
H

0 (θ ,φ) , where H0 (θ ,φ) =−jω
√

ε

µ
âr ×A0 (θ ,φ)

The electric �eld E far away from the source where J = 0, satis�es,

∇×H = jωεE

In the far �eld region the electric �eld can be approximated as,

E =
1

jωε
∇×Hw

−jk
jωε

âr ×H =−
√

µ

ε
âr ×H = jω



Far Field Approximation of the Fields

The magnetic �eld H is approximated in the far �eld as,

H =
1

µ
∇×Aw

−jk
µ

âr ×A =
−jω

η
âr ×A =

−jω
η

e−jkr

r
âr ×A0 (θ ,φ)

H =
e−jkr

r
H

0 (θ ,φ) , where H0 (θ ,φ) =−jω
√

ε

µ
âr ×A0 (θ ,φ)

In the far �eld region the electric �eld E can be approximated as,

E =−η âr ×H = jω âr × (̂ar ×A)

Using the vector identity, A× (B×C) = B(A ·C)−C(A ·B),

E = jω âr × (̂ar ×A) = jω [Ar âr −A] =−jω
(
Aθ âθ +Aφ âφ

)
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Far Field Approximation of the Fields
Conclusion

Electric Field E

E =−jω
(
Aθ âθ +Aφ âφ

)
E =

e−jkr

r
E
0 (θ ,φ) , where E0 = E 0

θ âθ +E 0
φ âφ

Magnetuc Field H

H =
1

η
âr ×E

H =
e−jkr

r
H

0 (θ ,φ) , where H0 (θ ,φ) =
1

η
âr ×E(θ ,φ)

In the far �eld the radiation �elds constitute spherical TEM wave.
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Integral Solution of the Fields
Far Field approximation

H =
1

µ
∇×Aw−jω

√
ε

µ

e−jkr

r
âr ×A0 (θ ,φ)

Radiation Electric and Magnetic Fields

Hw
1

η
âr ×E, Ew−jω

[
Aθ âθ +Aφ âφ

]
A(r ,θ ,φ) w

µ

4π

e−jkr

r

˚
V
J
(
r ′,θ ′,φ ′

)
e jk·r

′
dv ′

Surface current

A(r ,θ ,φ) w
µ

4π

e−jkr

r

¨
S
Js

(
r ′,θ ′,φ ′

)
e jk·r

′
ds ′

Linear current

A(r ,θ ,φ) w
µ

4π

e−jkr

r

ˆ
C
Ie

(
r ′,θ ′,φ ′

)
e jk·r

′
dl ′
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